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Abstract
Bogoliubov quasiparticles moving in the background of superfluid He3-A
see an apparently curved space-time metric when the background superfluid
vacuum is in motion. We study how this curvature couples with the spins
of the effectively massless quasiparticles. First, we set up the problem in
null Fermi coordinates for radial as well as circular geodesics and then use
it in the context of the analog metric seen by the quasiparticles. We obtain
an effective magnetic interaction due to curvature coupling, and provide
numerical estimates. Some possible implications of these results are then
pointed out.
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1 Introduction and motivation
The purpose of this paper is to study general relativistic effects of space-time
curvature on fermionic spins, via an analog gravity black hole setup in the context
of superfluid He3-A. In particular, we will focus on such relativistic effects on
fermionic quasiparticles in the latter system, which are effectively massless in the
background of an analog gravity metric. These quasiparticles move with finite
speed, which makes this analysis interesting, and we believe that this should
have experimental significance. The motivation for this work comes from the
fact that such analysis (in real black hole scenarios) involving curved space-times
are difficult to envisage, especially in the context of massless fermions, which
would then move with the speed of light. The analog gravity picture on the other
hand offers a somewhat simpler situation to consider, from which useful physical
insights can be gleaned.
The relativistic computations here are carried out in coordinates that are lo-
cally flat along a geodesic trajectory. These are called Fermi normal coordinates.
In general, spinning particles do not follow geodesic trajectories, but the devia-
tion from the latter are known to be small. Since our computations are relevant
for effectively massless fermions, we use null Fermi coordinates, and interpret the
results as those that will be seen by a null observer who moves along a (null)
geodesic trajectory, and performs a measurement on the massless fermions.
In this work, we analyze the interaction Lagrangian for massless fermions in
the background of an analog metric in null Fermi coordinates, and obtain an
interaction term (the curvature coupling) via an effective magnetic field for these
fermions that arise out of analog gravity effects. Standard analysis in quantum
mechanics then implies interesting effects that should arise due to this coupling.
In order to obtain numerical estimates of our results, we use the uncertainty
relation and an energy condition as applicable to low energy quasiparticles in
He3-A.
The discussion above provides the motivation and methodology of the present
work. Similar computations on effective magnetic field interactions with massive
fermions involving Fermi normal coordinates are well known in the literature.
However, to the best of our knowledge, massless fermions were not analysed in
a similar framework, as this will usually not have much physical relevance. We
claim however that such analysis becomes important and interesting in analog
gravity, in the context of effectively massless fermionic quasiparticles. This is the
main idea developed in this paper.
In the rest of this paper, we will analyse analog gravity coupling to massless
fermionic quasiparticles in the context of an acoustic black hole. In the next
section, we review the necessary background material, to set up the problem.
Next, in section 3, we will discuss a possible scenario in which such a black hole
can be realized in the laboratory. In section 4, we will first review the known
physics of curvature coupling to gravity for massive particles, to set the notation
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and conventions. Next, we construct the relevant formulas for such couplings for
massless particles, which involves determining the null Fermi coordinates. Section
5 deals with curvature couplings of massless fermions that travel in radial null
geodesics, in the context of the black hole described in section 3. In section 6,
we present similar results for null circular geodesics. In section 7, we provide
numerical values that should be useful in an experimental setup. This is done by
various estimates of relevant physical quantities. Section 8 concludes this work
with a summary of the results and a limitation of our analysis.
2 Overview and setup
Our interest in this paper is in analog gravity, which is known to mimic general
relativistic effects, and is an useful tool in probing effects of gravity in table-top
laboratory experiments. We will first briefly review this connection.
The general theory of relativity (GR) [1], [2], [3], [4] is the most successful
theory of gravity till date. Several experimental tests of GR have been performed
over the last century, and validation of theoretical predictions in all cases have
put the theory on a very firm footing. An interesting arena of study has been
the effect of gravity on (classical) spins. In this context, the geodetic (or de
Sitter) effect and the Lense-Thirring frame dragging effect are well known, and
the recent gravity probe B experiment [5] confirms GR predictions on the same
to a very high degree of accuracy.
It is by now an established fact that one can mimic GR effects in condensed
matter systems, the topic now being known as analog gravity. The importance
of this subject lies in the fact that analog systems are relatively easier to probe
than space-times with curvature, and may provide an easier route to detect grav-
itational effects in the laboratory, the ultimate aim being to understand possible
quantum effects of gravity, via this indirect route. The analog mapping of gravi-
tational effects in condensed matter systems originated from the celebrated work
of Unruh in 1981 [6], [7], where it was shown that motion of elastic perturba-
tions (like sound waves) in the background of normal moving liquids obey the
same equations as that of relativistic massless scalar fields moving in a (3 + 1)-
dimensional curved space-time, the curvature being determined by an analog
metric.
It was then realized that mimicking gravity with normal liquids might be
somewhat difficult, as such liquids will contain dissipative effects, that might de-
stroy quantum effects related to the event horizon of the associated black hole.
Therefore, in order to probe such quantum effects, one should more appropriately
look at superfluids. It was then found [8] that low-energy Bogoliubov quasipar-
ticles in moving superfluid He3-A obey similar relativistic equations as found by
Unruh. The literature on analog gravity is rather large, and the subject continues
to attract great interest in the community. Various effects like Hawking radia-
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tion etc. have been extensively investigated in this context, via several pioneering
works. For a relatively recent review, we refer the reader to the excellent review
of [9]. For more recent works, see, e.g, [10], [11], [12], [13], [14], [15], [16]. In this
paper, we consider massless fermions in static metrics, and compute the inter-
action of gravity with the fermion spin, in null Fermi coordinates. We believe
that this is novel, and complements the results in the existing literature. The
motivation for this work largely comes from considerations of analog gravity, and
we consider a particular analog black hole setup involving superfluid He3-A.
In textbook examples, when one considers spin, one usually refers to the vector
spin of a gyroscope, or to the expectation value of a quantum spin state. However,
coupling of gravity to (say) Dirac fermions assumes importance in the study of
the hitherto less known relation between gravity and quantum mechanics. Such
studies are also abundant in the literature. For example, the energy spectrum
of the Hydrogen atom in a curved background was worked out in details by
Parker [17], [18], [19], about three decades back, and several similar works have
since followed. These are particularly important in the study of possible Lorentz
and CPT violating gravitational interactions.
In a previous paper [20], we studied massive Dirac fermions in the background
of a generic static space-time. It is well known (see, e.g [21], [22]) that in such
a situation, the interaction Lagrangian in a suitable limit assumes the form ~B.~S
where ~B is an effective magnetic field introduced by gravitational interactions.
This computation was done for observers in both radial and circular geodesics,
(in Fermi normal coordinates [23], see below) and it was shown in [20] that the
effective magnetic field can be large, within experimentally measurable ranges for
a class of static backgrounds.
The role of the observer is important in this context, and needs careful expla-
nation. It is known (see, e.g [24] and references therein) that in general objects
with spin do not follow geodesic paths (although the difference between the ac-
tual path of such objects and corresponding geodesics are small), and the same
is expected to hold for quantum spins as well. For massive fermions, one has to
therefore imagine a hypothetical timelike observer who moves along a geodesic,
and does measurements on a fermionic system in her reference frame. This ob-
server has to set up a locally flat coordinate system all along the geodesic, and
such a system is constructed by the prescription of Manasse and Misner [23], and
is called the Ferm normal coordinate system. For example, in [17], it was as-
sumed that the Hydrogen atom as a whole moves on a geodesic to a good degree
of approximation, and the Dirac equation of the electron was solved in the Fermi
normal system corresponding to a Schwarzschild background, yielding corrections
due to gravity in the energy spectrum.
Our computations in this paper will involve massless (Weyl) fermions in He3-
A, and the issue of the observer is even more subtle. Indeed, it is difficult to
visualize a null observer (moving at the speed of light) in any physical sense,
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and although null Fermi coordinates can be set up, in general the issue might
seem to be purely of mathematical interest. However, there is one situation in
which this might make physical sense, and this is in the context of analog gravity
mentioned above. As we discuss in details, in this situation, the speed of light is
replaced by the supercritical quasiparticle speed, and it is not difficult to imagine
a null observer in analog gravity making a measurement on a massless fermionic
system. Although we are unable to offer a precise experimental setup, we believe
that this might be an interesting issue to pursue, and it gives rise to some novel
effects in analog gravity. We proceed with this understanding.
In the context of analog gravity in He3-A, the quasi-particle spectrum, ex-
panded near some special points on the Fermi surface reduces to that of charged,
massless fermions, with the degrees of freedom propagating on a curved back-
ground. It is this physical fact that motivates our analysis in the present paper.
In particular, we will consider the Weyl Lagrangian in the background of the
curved metric that the quasiparticles see, and determine the curvature coupling
of the quasiparticles with the background metric. At this point, let us mention
some known facts that we will remember throughout this work. We will follow
the discussion of Volovik [25] (see section 4.3.2 of that book).
In the present situation, we deal with particles and (fermionic) quasiparticles.
Here, following [25], we can define two distinct types of observers, the “external”
observer who deals with the realm of particles and the “inner” observer that deals
with quasiparticles. While the former is not affected by the analog metric, the
latter lives in an effective curved space-time that is the result of this metric, and
free quasiparticles will move in roughly geodesic paths of this metric, according
to the inner observer. For the analog metric that determines the dynamics of
massless fermionic quasiparticles in He3-A, it is interesting to understand how
the (charged) Weyl fermionic quasiparticles couple to the curvature of the analog
metric. Studying this aspect of analog gravity is the purpose of this paper, and
we will see later, might be of relevance to analog gravity experiments. To the
best of our knowledge, such an analysis has not been performed previously in the
literature.
Once such a framework is set up, we can ask the following question : suppose
we consider an external observer (in the sense of the last paragraph) moving with
speed c (the analog of the speed of light, see below) in He3-A, along a radial
or circular path, mimicking the geodesic trajectory of the inner observer. The
inner observer analyzes the system in her locally flat coordinate system along the
geodesic. So, if the external observer performs an experiment on the Bogoliubov
quasiparticles, we expect her to make similar observation as will the inner one.
If there is any novel physics that is recorded by the latter, the same should show
up in the observations of our external observer as well.
To put the above discussion in perspective, we note that if the background
fluid motion is radial and spherically symmetric, the corresponding effective met-
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ric is expressed as:
ds2 = − (c2 − v2(r)) dt2 ∓ 2v(r)drdt+ dr2 + r2dΩ2 (1)
where v(r) is the velocity of the fluid, and c is the analog of the speed of light.1
The negative and positive signs above stand for v(r) > 0 (fluid moves away from
center) and v(r) < 0 (fluid moves towards the center), respectively. Also, dΩ2 is
the standard metric on the two-sphere of unit radius. If the fluid moves towards
the center with increasing velocity and the perturbations move within the fluid
with a constant speed c, the fluid velocity, for a finite radius r = rh, may equal
c. This radius will then, mark the position of an event horizon because any
perturbation moving inside rh can never come out. Therefore, an analog Black
Hole will be formed which Unruh named as Sonic Black Hole, and it is expected
that many important properties of the black holes can be studied experimentally
in the laboratory, via this analogy. In particular, we will understand the effect
of curvature on massless quasiparticles in superfluid backgrounds, which assumes
relevance following our discussion in the last paragraph.
3 Analog gravity and a possible scenario of a 2-D
black hole formation
In this section, we will briefly review the formalism of analog gravity that will
be used in the rest of the paper. This section is review material, and we will be
brief here. The necessary details can be found in [7], [8], [25], [26] and references
therein. We begin with a brief overview of fermionic quasiparticles in He3-A.
3.1 Analog gravity in He3-A : overview
It is well known that the energy spectrum of fermionic quasiparticles in He3-A is
given by
E (~p) = ±
√
v2F (p− pF )2 +
∆2v
p2F
(
lˆ × ~p
)2
(2)
Here, lˆ is a unit vector that is directed along the spontaneous angular momentum
of the Cooper pairs in the He3-A condensate, pF is the Fermi momentum, and
given in terms of the Fermi velocity vF as pF = vFm∗, with m∗ being an effective
mass, of the order of the mass of the He3 atom. ∆v is called the gap amplitude.
Zeros of the energy E(~p) = 0 occur at lˆ × ~p = 0 and p = pF , which translates
into ~p = epF lˆ, with e = ±1. The quasiparticle energy thus vanishes at ~p = e ~A,
with an effective gauge field ~A = pF lˆ.
1We will denote by cL = 3× 108 m/s as the usual speed of light.
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Low energy excitations can be obtained by expanding the dispersion relation
in Eq.(2) in powers of
(
~p− e ~A
)
. It is not difficult to see that doing this, one
obtains (see, e.g [8]) in terms of c = ∆v/pF , close to ~p = e ~A,
gµν (pµ − eAµ) (pν − eAν) = 0 ; g00 = −1,
g0i = 0, gij = v2F l
ilj + c2
(
δij − lilj) (3)
The above metric components and the vector potential were specified in terms
of the coordinates (x0, ~x), where x0 is the “Newtonian” time t, and ~x are Cartesian
spatial coordinates at rest with respect to the superfluid. However, for reasons
that we describe now, we will be more interested in a situation where the back-
ground superfluid is in motion, as it can give rise to a possible analog black
hole.
3.2 Analog black hole in He3-A
We will be interested in an analog black hole in the context of He3-A. In fact, a
two dimensional analog Black Hole formation can be realized in the laboratory if
we consider the geometry as described by Volovik, in Fig.1(a) of his paper [26] (see
Fig.1), which is also a generalization of the original draining bathtub geometry
discussed in [27].
Event Horizon (rh)
He3-A He3-A
He4 He4
Figure 1: Formation of a 2-D black hole in draining bathtub geometry. This is
inspired by Fig.1(a) of [26].
In this figure, a 2-D thin film of He3-A, which forms the background of the
system, is moving towards the orifice at the center where it goes into the third
(vertical) dimension. But it is not directly connected to the wall of the container.
The He3-A film is moving over a thin layer of superfluid He4 as shown. The
reason of introducing superfluid He4 film lies in the fact that the direct motion
of He3-A with respect to the wall of the container gives rise to some undesirable
effects. Namely, the interaction of He3-A with the walls produces the Cherenkov
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radiation of quasiparticles which collapses the superfluidity and as a result, the
‘supercritical’ motion becomes unstable [26]. But the supercritical velocity (c ∼
3 cm/s) of He3-A is much smaller than the Landau velocity for quasiparticle
radiation in superfluid He4 (about 50 cm/s). So the He4 layer is not excited even
when He3-A moves with velocity greater than c. This makes the super-critical
motion of He3-A film with respect to He4 layer stable.
To describe the geometry, it is convenient to choose a cylindrical coordinate
system. The plane of the He3 film is described by the coordinates r and φ. The z
axis is set to be normal to the film. If the thickness of the film remains constant
throughout, the velocity of flow of superfluid He3-A towards the center will be
given as, v(r) = − crh
r
. As it reaches the event horizon, r = rh, its velocity
equals c. Below rh, it is greater than c and above, less than c. As a result, the
quasiparticles can never come out of the region r < rh, forming a Black Hole type
scenario.
3.3 The analog black hole metric
With the above discussion, it is now possible to write down the metric that
is seen by Bogoliubov quasiparticles in He3-A. Clearly, the formula in Eq.(3) of
subsection (3.1) needs to be modified when the background superfluid He3-A is in
motion. This is obtained by a simple coordinate transformation of the coordinates
used in Eq.(3), as (t, ~x)→ (t, ~x− ~vt). One chooses a coordinate system in which
lˆ (also the anisotropy axis of the velocity field v) points in the direction of zˆ,
and after writing the energy dispertion relation of Eq.(2) in the new coordinate
system, it can be readily verified [26] that the energy spectrum for the low-energy
Bogoliubov fermionic quasiparticles yields
(E − p · v)2 = c2(p2x + p2y) + v2F (pz − epF )2 (4)
where e = ±1. The velocity of the quasiparticles along the film (c ∼ 3 cm/s) is
much smaller than the velocity normal to the film (vF ∼ 55 m/s). So the degree
of anisotropy of the velocity is large. Again, the velocity of the background
superfluid vacuum (v) is purely 2-dimensional outside the orifice, i.e., it moves in
the (r, φ)-plane only. Considering such a velocity field, the energy spectrum of
the Bogoliubov quasiparticles in Eq.(4) can be recast into an effective motion of a
charged, massless relativistic particle in a (3 + 1)-dimensional curved space-time
with the following form of the metric
ds2 = − (c2 − v2(r)) dt2 + 2v(r)drdt+ dr2 + r2dφ2 + c2
v2F
dz2 (5)
where we have denoted ~v = (vx, vy). The above line element also shows that the
g00 component of the metric changes sign as v(r) becomes greater than c inside
r = rh confirming the formation of a black hole.
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We mention in passing that one can, in this case, make a coordinate transfor-
mation
t = τ +
∫
v(r)dr
c2 − v(r)2 (6)
This equation is integrable, and in terms of the coordinate τ , yields the metric
ds2 = − (c2 − v2) dτ 2 + c2
c2 − v2dr
2 + r2dφ2 +
c2
v2F
dz2 (7)
The metrics in Eq.(5) or (7) give equivalent results. We will use the form in Eq.(5)
in what follows. As mentioned in the introduction, the quasiparticles see this
metric, and their dynamics is governed by the same. Since these are analogous
to massless charged fermions, it is pertinent to ask what a null observer in the
background of the metric of Eq.(5) would say about the fermions.
In the remainder of this paper, we study massless fermionic quasiparticles
in the background of the geometry of Eq.(7) (equivalently Eq.(5)). In the next
section, we present the formalism to deal with this problem.
4 Curvature coupling of quasiparticles : formal-
ism
Let us imagine that the superfluid excitations, known as Bogoliubov quasiparti-
cles, move in geodesics in an effectively curved space-time. Since these quasipar-
ticles are excitations of superfluid He3-A vacuum, they are just the dressed He3
atoms having Bogoliubov spin, and are fermionic in nature. As a result, they
will exhibit the characteristic signatures of their spin while moving in (nearly)
geodesic trajectories by getting coupled with the intrinsic curvature of the space-
time metric that they see. As mentioned before, we have in mind an observer
who makes a measurement on the fermions, in coordinates that are locally flat
all along a given geodesic. To set the notations and conventions, let us first dis-
cuss the known simpler formalism of computing curvature couplings for massive
fermions in brief, and then we will apply it in our specific problem.
4.1 Curvature coupling of massive fermions
Fermions in curved space-time is a well researched topic. In this paper, we are
interested in the Fermi normal coordinates, i.e a coordinate system that is locally
flat at each point of space-time through which the spinor travels. An extensive
discussion and construction of Fermi Normal Coordinates for timelike geodesics
can be found in [23] by Manasse and Misner. Let us briefly review the construction
of [23], to set the stage.
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Consider a set of four orthogonal vectors which satisfies the following two
relations along a timelike geodesic of a massive particle [23]
eˆα · eˆβ = ηαβ , ∇ν′(eˆµ′α )eˆν
′
0 = 0 (8)
where ∇ denotes covariant derivative, ηαβ is the usual Minkowski metric with sig-
nature (−,+,+,+) and eˆ0 represents the tangent vector to the timelike geodesic.
The primed indices refer to the components of the vectors in the original coordi-
nate system of the metric, and the unprimed indices refer to the corresponding
components in Fermi normal coordinates. The structures eˆµ′α , eˆν
′
β ... define the dif-
ferent elements of the coordinate transformation matrix from general coordinates
to Fermi normal coordinates. Therefore, once the above tetrad is set as the basis
of Fermi normal coordinate system, we can in principle compute the components
of every tensor in this locally flat system. For Riemann curvature tensor, these
components are
Rαβγδ = eˆ
µ′
α eˆ
ν′
β eˆ
λ′
γ eˆ
σ′
δ Rµ′ν′λ′σ′ (9)
The metric close to the geodesic (G), now, looks like, up to second order in
coordinates [4, 23]
g00 = −1−R0l0m|G xlxm, g0i = −2
3
R0lim|G xlxm
gij = δij − 1
3
Riljm|G xlxm (10)
where the Latin indices i, j, k, ... take the values 1,2 and 3. Here, the observer’s
time dependence enters the metric only through the curvature tensor components
as they are evaluated at a particular proper time along the geodesic G. After
obtaining such a coordinate system, we can study the covariant Dirac Lagrangian
given by
L = √−g(iψ¯γαDαψ −mψ¯ψ) (11)
where γα are the normal Dirac matrices.
The definition of Dα (covariant derivative) in Eq.(11) is given by
Dα ≡ (∂α − i
4
ωβγασ
βγ) (12)
where the spin connection (ωβγα) and σβγ are given, respectively, by
ωβγα = eˆβµ′(∂αeˆ
µ′
γ + Γ
µ′
ν′ρ′ eˆ
ν′
γ eˆ
ρ′
α ),
σβγ =
i
2
[γβ, γγ] (13)
In the above expressions, Γµ
′
ν′ρ′ are the Christoffel connection and e
µ′
α denotes, as
stated before, the coefficient of the transformation matrix connecting the curved
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and flat space-times. If the expression of Dα is put in the Lagrangian equation,
i.e, Eq.(11), the corresponding term coming from the spin connection involves an
interaction Lagrangian of the form ψ¯γαγ5bαψ [21,22]. The four vector bα can be
written in the following form :
bσ =
1
4
αβγσeˆβµ′(∂αeˆ
µ′
γ + Γ
µ′
ν′ρ′ eˆ
ν′
γ eˆ
ρ′
α )
≡ 1
4
αβγσeˆβµ′∂αeˆ
µ′
γ (14)
where γ5 = iγ0γ1γ2γ3. In the corresponding Hamiltonian, this interaction term
can be made to look like an effective interaction energy of the form −~b · ~s in the
non-relativistic limit [28]. Here, both ~b and ~s represent normal 3-dimensional
vectors as b0 is identically zero according to Eq.(14).
Now, to proceed further in this analysis, we need to find out the expressions
of the effective magnetic field components (bσ) in Fermi normal coordinates. The
forms of the metric components in these coordinates are already given in Eq.(10)
and the corresponding expressions of the vierbeins are [17,19]
eˆµ
′
0 = δ
µ′
0 −
1
2
Rµ
′
l0m|G xlxm,
eˆµ
′
i = δ
µ′
i −
1
6
Rµ
′
lim|G xlxm (15)
where i, l,m, ... run over spatial indices only. Therefore, we shall first set up
the tetrad basis of Eq.(8) and calculate the components of the Riemann tensor
in these coordinates using Eq.(9). Then we put the expressions of vierbeins of
Eq.(15) into Eq.(14) to obtain the desired result in Fermi normal coordinates.
The corresponding forms of bσ come out to be
b0 = −1
4
0ijk
(
2
3
Rjikm
∣∣
G
+
1
6
Rjkim
∣∣
G
)
xm,
bi =
1
4
0ijk
(
1
3
R0m
jk
∣∣
G
− 1
3
R0km
j
∣∣
G
)
xm (16)
The above expression of b0 is such that it vanishes identically, as stated be-
fore. After determining Rαβγδ in Fermi normal coordinates from Eq.(9), we can
straightforwardly find out the effective magnetic filed (~b) due to gravitational
effects in the non-relativistic limit. Although the term ‘magnetic field’ is used
here for its −~b · ~s type contribution to the Hamiltonian, it is different from any
intrinsic magnetic field that may be present in the system. Moreover, it is to be
noted that the measurement of this magnetic field is done in the vicinity of the
geodesic as exactly on the geodesic the xl are zero, forcing ~b to vanish identically.
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4.2 Curvature coupling of massless particles and Null Fermi
coordinates
The entire analysis described in the previous subsection is done with the ba-
sic assumption that the moving particle is massive and thus the corresponding
geodesic is timelike. But in analog gravity of He3-A, the quasiparticles are in
principle massless fermions moving in a curved space-time as described earlier.
Therefore, it is more useful to consider a null observer, and we need to reformu-
late the above analysis for null geodesics, and find the modified expressions of
curvature couplings. The first question that arises in this regard is how to de-
fine the notion of Fermi normal coordinates for null geodesics. The construction
here is somewhat subtle, and has been recently addressed in [29]. The technical
subtlety here is that since the tangent to a null geodesic is a null vector, the
corresponding set of four vectors which act as the basis of null Fermi coordinates
cannot be orthonormal.
Following the construction of [29], let us define four pseudo-orthonormal vec-
tors satisfying the same two relations as given in Eq.(8) along a null geodesic
N
EˆA · EˆB = ηAB , ∇ν′(Eˆµ′A )Eˆν
′
+ = 0 (17)
where Eˆ+ is tangent to the null geodesic and ηAB is still the flat Minkowski metric
but expressed in a new EA-basis. The matrix form of ηAB in this new basis and
the corresponding line element along N are given by
ηAB =

0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1
 , ds2|N = 2E+E− + δabEaEb (18)
where each A,B, ... takes the values (+,−, 2, 3) and each a, b, ... takes (2, 3). The
corresponding Fermi coordinates of a point x are denoted as (xA) = (x+, x−, xa)
and their definition is given in [29]. Once again, the quantities Eˆµ
′
A represent the
different elements of the basis transformation matrix from the actual xµ′ coordi-
nate system to the Fermi coordinate system xA. Along N , the two coordinate
systems are related by
∂xA
∂xµ′
∣∣∣∣
N
= EˆAµ′ ,
∂xµ
′
∂xA
∣∣∣∣
N
= Eˆµ
′
A (19)
The components of Riemann curvature tensor in Fermi coordinates are eval-
uated from the equation which is similar to Eq.(9), and are given by
RABCD = Eˆ
µ′
A Eˆ
ν′
B Eˆ
λ′
C Eˆ
σ′
DRµ′ν′λ′σ′ (20)
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The components of the metric tensor in the vicinity of the geodesic N , up to
second order, can be shown to be given by
g++ = −R+c¯+d¯
∣∣
N x
c¯xd¯ , g−− = −1
3
R−c¯−d¯
∣∣
N x
c¯xd¯ ,
g+− = 1− 2
3
R+c¯−d¯
∣∣
N x
c¯xd¯ , gab = δab − 1
3
Rac¯bd¯
∣∣
N x
c¯xd¯ ,
g+a = −2
3
R+c¯ad¯
∣∣
N x
c¯xd¯ , g−a = −1
3
R−c¯ad¯
∣∣
N x
c¯xd¯ (21)
where (a¯) = (−, a).
The covariant Dirac Lagrangian for massless fermions is
L = i√−gψ¯γADAψ (22)
where DA is given by Eq.(12) (apart from a term involving an effective gauge
field), with α’s replaced by A’s, and the corresponding expressions of spin con-
nection and σAB are also similar to Eq.(13) :
ωBCA = EˆBµ′(∂AEˆ
µ′
C + Γ
µ′
ν′ρ′Eˆ
ν′
C Eˆ
ρ′
A ),
σBA =
i
2
[γB, γA] (23)
We note here that there is an extra term in the covariant derivative, involving the
effective gauge field, as follows from the discussion of subsection 3.1 (see [30]).
Inclusion of this additional term makes the expressions cumbersome, and for the
moment we will work with the terms of Eq.(12) purely for ease of presentation,
and the term involving the gauge field will be introduced later, following Eq.(34).
Here, we will have to be careful in defining γA. Unlike the previous case
where each γα represents one of the standard Dirac matrices, the forms of γA’s,
in this case are different. Note that the Lagrangian in flat space-time for massless
fermions can be decomposed into two parts
L′ = iψ¯γµ∂µψ
= iu†−σ
µ∂µu− + iu
†
+σ¯
µ∂µu+ (24)
where σµ = (1, σi), σ¯µ = (1,−σi) with σi’s being the Pauli matrices and ψ =
(u+, u−)
T . In case of a massive fermion, u+ and u− cannot be separated com-
pletely, but we can describe a massless fermion by u+ or u− alone with the
respective equation of motion given by
iσ¯µ∂µu+ = 0, or iσµ∂µu− = 0 (25)
These equations are the well known Weyl equations for massless fermions, and
involve Pauli matrices. Now, let us apply this analysis to the covariant Dirac
Lagrangian for massless fermions expressed in null Fermi coordinates, Eq.(22)
L = i√−g u†−σ˜ADAu− + i
√−g u†+ ¯˜σADAu+ (≡ L1 + L2) (26)
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The corresponding Weyl equations for u+ or u− will be respectively
i¯˜σADAu+ = 0, or iσ˜ADAu− = 0 (27)
Let us compare the second expressions of equations (25) and (27). These expres-
sions are similar with ∂µ replaced by DA and σµ replaced by σ˜A. The difference
between σµ and σ˜A is easy to understand. σµ in Eq.(25) is just the Pauli ma-
trices with the background flat metric given by Diag (−1, 1, 1, 1). The forms of
the σ˜A in Eq.(27) are different from Pauli matrices. The reason for this is that
σ˜A is expressed in terms of null Fermi coordinates and if we follow the definition
(17) of pseudo-orthonormal Fermi frames with Eˆ+ and Eˆ− being null vectors,
the corresponding background locally flat metric along a null geodesic takes the
form given in the first expression of Eq.(18).
Therefore, the transformation relations from ηµν −→ ηAB have to be applied
on σµ to obtain the corresponding expressions of σ˜A in the new coordinate system.
The forms of σ˜A, after this transformation, are given as σ˜A = (σ˜+, σ˜−, σ˜2, σ˜3),
where we have defined
σ˜+ = − 1√
2
σ0 +
1√
2
σ1 =
1√
2
( −1 1
1 −1
)
,
σ˜− =
1√
2
σ0 +
1√
2
σ1 =
1√
2
(
1 1
1 1
)
,
σ˜2 = σ2 =
(
0 −i
i 0
)
, σ˜3 = σ3 =
(
1 0
0 −1
)
(28)
Since the forms of σ˜A are changed from the usual Pauli matrices, so do those
of the corresponding (4 × 4) γA matrices, and as a result, they do not exactly
resemble the Dirac matrices. In particular, we will use the following forms of the
γA matrices :
γ+ =
(
0 σ˜+
−σ˜− 0
)
, γ− =
(
0 σ˜−
−σ˜+ 0
)
, γa =
(
0 σ˜a
−σ˜a 0
)
(a = 2, 3) (29)
With the new definitions and expressions of σ˜A, we are now in a position to define
the curvature coupling of massless fermions expressed in null Fermi coordinates.
The expressions of vierbeins analogous to Eq.(15) are
EˆA+ = δ
A
+ −
1
2
RAc¯+d¯ |N xc¯xd¯,
EˆA− = δ
A
− −
1
6
RAc¯−d¯ |N xc¯xd¯,
EˆAa = δ
A
a −
1
6
RAc¯ad¯ |N xc¯xd¯ (30)
The corresponding expressions of affine connections, in Fermi coordinates, are
ΓAB+ |N = RABa¯+|N xa¯, ΓAb¯c¯ |N = −
1
3
(
RAb¯c¯d¯ +R
A
c¯b¯d¯
) |N xd¯ (31)
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Similar to the previous section, if we expand the first term of the Lagrangian
(26) in Fermi coordinates by using the expressions of Eq.(21), Eq.(30) and Eq.(31),
it takes the following form
L1 =
√−g u†−
(
iσ˜A∂A + b
Aσ˜A + ia
Aσ˜A
)
u− (32)
The third term which is anti-hermitian vanishes when its conjugate part is added
to the Lagrangian. Therefore, the only interaction term that survives is the
second one which is hermitian. The expressions of the components of this gravi-
tational coupling term (bA) come out to be
b+ =
1
4
1ab
[
1
6
(R+m¯ab −R−abm¯) + 1
3
(R+abm¯ +R−bam¯) +
1
2
(R−m¯ab +R+bam¯)
]
xm¯
b− = −1
4
1ab
[
1
6
R−m¯ab +
7
6
R+m¯ab +
1
3
(R+abm¯ +R−abm¯) +
1
2
(R−bam¯ +R+bam¯)
]
xm¯
bc =
1
4
1ac
[
7
6
R−am¯+ −R+a+m¯ + 1
6
R−a−m¯ +
1
3
R+a−m¯ +
1
2
(R+−am¯ +R−−am¯)
]
xm¯ (33)
where again (a¯) = (−, a) and a, b, c, ... take values (2, 3).
The above expressions were evaluated for the form of the covariant derivative
given in Eq.(12). Including the vector potential term, the full covariant derivative
is given by [30] :
DA ≡ ∂A − i
4
ωBDAσ
BD − iA˜A (34)
where, A˜A = AA + χA, with the expressions of χA and AA being
χA =
1
8
λ
′γ′µ′ν′EAλ′ E
B
γ′ (∂µ′EBν′ − ∂ν′EBµ′) , AA = (0, 0, 0, pF ) (35)
The corresponding expressions of χA in Fermi coordinates are evaluated to be
χ+ = 0 ,
χ− =
1
4
(
1
3
R+32m¯ +
2
3
R+m¯23 − 1
3
R+23m¯
)
xm¯ ,
χ2 =
1
4
(
2
3
R+m¯3− − 1
3
R+3−m¯ +
1
3
R+−3m¯
)
xm¯ ,
χ3 =
1
4
(
−2
3
R+m¯2− +
1
3
R+2−m¯ − 1
3
R+−2m¯
)
xm¯ (36)
The total magnetic field including the gauge field term is now given by
BA = bA + χA + AA (37)
with the form of bA given in Eq.(33). Note that the last term in Eq.(37) is a
constant term, and we will ignore this in our analysis. In what follows, we will
focus on the first two terms of Eq.(37) and in the next section, we proceed to
evaluate the components of BA for both radial and circular null geodesics in the
background of analog gravity and study its characteristic features in some details.
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5 Massless fermionic quasiparticles in radial null
geodesics
We start with the metric of Eq.(5) which we reproduce here for convenience :
ds2 = − (c2 − v2(r)) dt2 + 2v(r)drdt+ dr2 + r2dφ2 + c2
v2F
dz2
For null geodesics in this space-time, the normalization of the four-velocity yields
r˙2 + 2v(r)t˙r˙ + r2φ˙2 − (c2 − v2(r)) t˙2 + c2
v2F
z˙2 = 0 (38)
where over-dots represent derivative with respect of an affine parameter along the
null geodesic. For timelike geodesics, a standard choice of this affine parameter
is the proper time. But in case of a null geodesic, the affine parameter cannot
be the proper time. Instead, normal coordinate time or radial distance may be
considered as the affine parameter, if they satisfy the geodesic equation of the
form
∇ν′(uµ′)uν′ = 0 (39)
where uµ′ is the tangent vector to the null geodesic under consideration. Here,
by radial null geodesics, we mean the set of null geodesics for which φ˙ = dφ
dλ
= 0,
with λ being the affine parameter. Therefore, for radial null geodesics outside
the orifice, Eq.(38) becomes
r˙2 + 2v(r)t˙r˙ − (c2 − v2(r)) t˙2 = 0 (40)
With condition (40) in mind, we can find out the pseudo-orthonormal Fermi
tetrad basis for the analog metric along a null radial geodesic as :
Eˆµ
′
+ =
(
c+ v(r)
c2 − v(r)2 , 1, 0, 0
)
Eˆµ
′
− =
(
v(r)− c
2c2
− kc+ kv(r)
2 (c2 − v2(r)) ,
c2 − v(r)2
2c2
− k
2
,
k
r
, 0
)
Eˆµ
′
2 =
(
−kc+ kv(r)
c2 − v2(r) ,−k,
1
r
, 0
)
Eˆµ
′
3 =
(
0, 0, 0,
vz
c
)
(41)
where k is a constant. The tangent vector to the geodesic, uµ′ or Eˆµ
′
+ takes the
form Eˆµ
′
+ = (t˙, r˙, 0, 0), for a general affine parameter λ. In the present case, we
have set r˙ = 1, i.e., we have explicitly chosen r as the affine parameter along
the geodesic N . This choice simplifies the calculation as well as it satisfies the
required geodesic equation condition.
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Now the above choice of tetrad has to satisfy the required conditions of
Eq.(17). Let us rewrite the first condition of Eq.(17) and analyze it using the
tetrad defined above. From the condition EˆA · EˆB = ηAB, we obtain
Eˆ− · Eˆ− = η−− = 0 (for A = B = −)
⇒ gµ′ν′Eˆµ′− Eˆν′− = 0⇒ k(k − 1) = 0 (42)
So only two values of the constant k satisfy the required conditions for Eˆ−, i.e
k takes two values, 0 and 1. All other components of the tetrad automatically
satisfy the required conditions of (17). Therefore, we have two different set of
tetrads with k = 0 and k = 1 which can be chosen as the basis of null Fermi
frame.
Having obtained the Fermi tetrad basis, we can readily find out the compo-
nents of the Riemann curvature tensor in null Fermi coordinates using Eqs. (20)
and (41). Then we use Eqs.(33) and (36) to calculate the components of the effec-
tive magnetic field due to curvature coupling and the corresponding expressions
are given by
B+ = B− = B2 = 0
B3 =
kr(4h− ky)v′(r)2 + v(r) (kr(4h− ky)v′′(r) + (k(−4h+ 2ky − y) + y)v′(r))
24c2r
(43)
where h, y, z represent observer’s coordinates or Fermi coordinates.
The above expression of B3 has been evaluated for a general v(r). But in case
of the draining bathtub type geometry discussed earlier, the specific form of v(r)
happens to be v(r) = − crh
r
. So if we put this form of v(r) in Eq.(43), we obtain
the following expression of B3 :
B3 =
r2h [16hk + (−1 + k − 5k2) y]
24r4
(44)
The expressions of B3 for k = 0 and k = 1 are given by
B3 = − r
2
hy
24r4
(k = 0) , B3 =
r2h(16h− 5y)
24r4
(k = 1) (45)
We need to analyze this result in more detail. Eq.(44) tells us that the effec-
tive magnetic field component (b3) diverges at r = 0. Since r = rh represents
the position of event horizon of the analog black hole and we are particularly
interested in the phenomena occurring outside rh, the effective magnetic field is
always finite in this region. From Eq.(44) we see that the effective magnetic field
falls off as r−4 as a function of the radial distance.
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6 Massless fermionic quasiparticles in circular null
geodesic
We will now compute the curvature coupling of fermionic quasiparticles in circular
null geodesics. This is of course a special case, as we discuss. For such geodesics,
it can be checked from Eq.(5) that the only allowed value of the radial coordinate
is r =
√
2rh, for v(r) = −crh/r as in the previous subsection. This is the analog
of the photon sphere in GR [31], and a null observer in a circular geodesic is
uniquely located at this value of r. This is to be kept in mind in the analysis
that follows.
Similar to the radial case, first we need to set up the pseudo-orthonormal
Fermi frame for a circular null geodesic G. Then we find out components of
Riemann tensor in Fermi coordinates and use it to calculate the effective magnetic
field. By ‘circular null geodesic’ we mean the family of null geodesics for which
r is constant, i.e., r˙ = r¨ = 0. The corresponding Fermi frame for a circular null
geodesic G are found to be
Eˆµ
′
+ =
(
1√
c2 − v(r)2 , 0,
1
r
, 0
)
Eˆµ
′
− =
(
rφ2v(r)v′(r)
2c2
√
c2 − v(r)2 +
φv(r)
c2
− 1
2
√
c2 − v(r)2 ,
−rφv(r)v
′(r)
c2
,
φ2v(r)v′(r)
2c2
+
1
2r
, 0
)
Eˆµ
′
2 =
(
−φ
c
+
v(r)
c
√
c2 − v(r)2 ,
√
c2 − v(r)2
c
,−φ
√
c2 − v(r)2
cr
, 0
)
Eˆµ
′
3 =
(
0, 0, 0,
vz
c
)
(46)
with the condition rv(r)v′(r) + c2 − v(r)2 = 0. It has to be remembered that
the above expressions in Eq.(46) have to be evaluated at r =
√
2rh and we have
denoted v′(r) = ∂v(r)
∂r
.
It is to be noted that the tetrad components depend explicitly on φ. This
might seem surprising, given that the analog metric that we start with is spheri-
cally symmetric, but is due to the fact that the tetrad must satisfy the pseudo-
orthonormal and parallel transport conditions given in Eq.(17), along the null
geodesic. As the first two vectors of the tetrad basis Eˆ+ and Eˆ− are null, for
circular geodesic they demand its components to depend explicitly on the affine
parameter which in this case is chosen to be the arc-length of the circular geodesic√
2rhφ. Similar dependence can also be seen for the timelike circular geodesic
where φ dependence comes into the phases of harmonic functions [20] but not
explicitly, the reason being that the tetrad basis is made of the timelike tangent
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vector and three spacelike vectors.
The corresponding expressions of the components of effective magnetic field
in this case are
B+ = B− = B2 = 0
B3 =
8
√
2hφ (φ2 + 4)− (φ4 − 96) y
384r2h
(47)
7 Numerical Estimates
It now remains to provide numerical estimates of the BA that we have evaluated.
In order to do this, we will take recourse to various approximations that we now
discuss. We note that the dimension of BA for both radial and circular geodesics
is an inverse length (contrary to usual magnetic fields that come in dimensions of
1/L2). In order to convert BA into a quantity having dimensions of a magnetic
field (Gauss or Tesla), we will need to divide it by the Bohr magneton, expressed
in GeV per Tesla (or GeV per Gauss) [32]. Doing this, it can be checked that a
magnetic field of 10−12 Gauss translates to a value of BA ∼ 10−29 GeV. This is
the limit of measurability of the magntic field, as of now. In the analysis that
follows, we will use energy units only, for convenience.
Let us first consider the case of radial geodesics and consider the case k = 0,
i.e the first expression given in Eq.(45). Since this has dimension L−1, we convert
this to energy units by multiplying with ~cL, where cL is the speed of light
(= 3 × 108 m/s). Thus we have B3(k = 0) = −r2hy~cL/(24r4). In order to get
an estimate for the coordinate y, we use the uncertainty relation. Remembering
that the quasiparticles are dressed Helium-3 atoms of mass m∗, moving with
speed c = 3 cm/s, we have y ∼ ~/p = ~/(m∗c). Plugging this in, we have in
electron-volts,
|B3(k = 0)| = 1
24
r2h~2cL
r4m∗c× qe eV (48)
where qe is the electron charge. We now use the fact that m∗ is 3 times the
mass of Helium-3 atoms, which is given by 3.016 atomic mass units. A numerical
estimate of |B3(k = 0)| is obtained by putting in this value of m∗.
Now we note that the theory of low energy quasiparticles is valid for
E  ∆
2
v
pFvF
, i.e E  10−10 eV (49)
Since BA appears in the interaction energy term in the Lagrangian of Eq.(32), as
an estimate we equate B3(k = 0) ∼ 10−10, to obtain r = 0.067√rh (in metres).
For E  10−10eV, we therefore require r  0.067√rh. A typical value of rh ∼
1 µm will thus ensure that our results are valid for r  0.0067 cm. Hence on
a radial geodesic, at say r ∼ 1 cm, our results should be robust, and at this
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radial distance, we have B3(k = 0) ∼ 10−28 GeV. Smaller values of the radial
distance may push up this value to ∼ 10−27 − 10−26 GeV, while respecting the
energy condition. This discussion was for k = 0. For k = 1, the analysis of the
second expression of Eq.(45) is qualitatively similar, and yields similar numerical
estimates.
We will now turn to circular geodesics. An analysis similar to the one out-
lined above shows that in this case, setting y = 0 in Eq.(47) implies that
B3 = (1/r2h)(5.6 × 10−15φ + 1.4 × 10−15φ3) eV. If we now set a typical value
of φ = pi, then in order to satisfy E  10−10eV, we require rh  2.4 cm. As an
estimate, if we set rh = 10 cm, we obtain B3 ∼ 10−21 GeV.
Our numerical analysis above establishes the fact that the effective magnetic
field that is seen by an inner observer in superfluid He3-A are withing bounds
reachable by present experiments, i.e these are not vanishingly small. Hence,
such an observer should measure effects that are known in quantum mechanics
regarding the interaction of spins with such magnetic fields. In this case, however,
the effective magnetic field is non-uniform. For radial null geodesics, this falls off
as the fourth power of the radial distance, while for circular null geodesics, it is
explicitly dependent on the angular variable. From Eq.(45), using the condition
r  0.067√rh, it is seen that for relatively large values of r (compared to rh), B3
varies slowly. Hence, if we approximate B3 by a uniform (average) value, for such
large r, one should expect the inner observer to see oscillations between a spin up
and a spin down state of the massless fermionic quasiparticles when the system
evolves from a general spin state. Similar analysis holds for null circular geodesics,
for small values of the angular coordinate. The external observer (moving at 3 cm
per sec) along a radial coordinate or moving at a fixed radius, however, perceives
these quasiparticles as dressed Helium-3 atoms. It would therefore seem that
such an observer is likely to see the spin of the quasiparticles to also oscillate
between an up-spin state and a down-spin state. In fact, this can be quantified
further.
The time difference between two events for the external observer ∆t is related
to that for the inner observer ∆τ by [25] ∆t = ∆τ/
√
1− r2h/r2. Hence, the
characteristic frequency of oscillation (assuming a uniform magnetic field) for the
external observer is dilated by a factor of
√
1− r2h/r2, as compared to the inner
observer. For null radial geodesics, for small values of rh/r, ∆t ∼ ∆τ . This is
relevant for us, as we have already seen that the energy condition demands that
here, r  0.067√rh, and that the effective magnetic field can be approximated
to a constant for small values of rh/r. For circular geodesics, since r =
√
2rh,
the dilation factor is
√
2. Possible experimental signatures of this might be an
interesting issue to pursue, modulo a limitation of our analysis that we point out
in the next section.
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8 Discussions, conclusions and limitations
In this paper, we started with a He3-superfluid system where the vacuum excita-
tions are Bogoliubov fermions, which are dressed He3 atoms and see an effective
curved space-time with moving superfluid vacuum in the background. We first
established the Fermi coordinates along a null radial as well as a null circular
geodesics, and calculated the components of the Riemann curvature tensor in
these coordinates. Having obtained the curvature tensor, we determined an ef-
fective magnetic field due to curvature coupling. The whole analysis was done in
the analog black hole draining bath-tub geometry of fig.(1) discussed by Volovik
in [26].
As we have mentioned in the beginning of this paper, spinning particles do
not follow exactly geodesic trajectories, but the difference of the latter from their
actual paths is small. We can however envisage an internal null observer (feeling
the analog metric), on such a geodesic trajectory, who makes a measurement on
the fermionic system. This internal null observer however moves with a finite
speed (∼ 3 cm/s) and sees the non-trivial effect of curvature coupling to the
fermionic quasiparticles. It is well known (see, e.g [33]) that spin half fermions
that interact with a constant external magnetic field oscillates between the up
and down states as it evolves from a general spin state. The frequency of this
oscillation is proportional to the Bohr magneton. In this case, we obtain an
effective interaction term that is similar to the former, and if we approximate the
magnetic field to a uniform value assuming that it varies slowly, similar effects
of oscillation between the up and down spin states should result from a standard
quantum mechanical analysis. It is not difficult to identify an external observer
who moves in a circular or radial trajectory in the given geometry, and coincides
with the internal observer. Our analysis would imply that this external observer
should see the same effects on the spin state of the dressed Helium-3 atom that she
perceives, and this might be a measurable phenomenon in futuristic experiments.
Before ending this paper, we should point out that the analysis that we have
presented here is limited by the fact that it is applicable only to two special class
of geodesics, i.e radial or circular. A generic geodesic path may be neither of
these. However, this last case is difficult to analyse analytically, and we leave a
study of such a situation for a future publication.
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